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Stability Analysis of a Missile Control System
with a Dynamic Inversion Controller
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and
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The closed-loop stability is examined of a bank-to-turn, air-to-air missile with a dynamic inversion controller
using a two-timescale separation. A state-space formulation for the o, 3, and ¢ dynamics of the missile, assuming
the inner-loop dynamic inversion is performed exactly, is presented. It is then shown that, under certain assump-
tions, the exponential stability of the o, 3, and ¢ dynamics about the commanded values can be guaranteed if the
inner-loop design frequency is large enough. An example calculation of the required inner-loop frequency to guar-
antee stability is done for a particular bank-to-turn missile. Finally, nonlinear six-degree-of-freedom simulation
results of a maneuver performed with the dynamic inversion controller are presented.

Nomenclature
g = accelerationdue to gravity
I, 1y, I, = moments of inertia aboutbody axes x, y, and z
I, = product of inertia about body axes x and z
L,M,N = aerodynamic rolling, pitching, and yawing
moments
m = missile mass
p.q,r = roll, pitch, and yaw rates about the body axes
T = engine thrust force (along the missile body x axis)
Vv = missile speed
X, Y Z = aerodynamic forces along the body axes x, y,
and z
o, = angle of attack, sideslip angle
¢,0, % = missile bank (roll) angle, pitch attitude angle, and
heading angle
I. Introduction

HIS paper is focused on the theoretical analysis of stability of

a closed-loop missile system with a dynamic inversion-based
controller. The missile control problemunderinvestigationconcerns
postboost maneuvering of a bank-to-turn missile. The dynamic in-
version controller uses a two-timescale assumption to separate the
P, q,r dynamics from the «, B, ¢ dynamics. The outer-loop dy-
namicinversionforthe«, 8, ¢ dynamicsis performedassumingthat
the states p, g, r achieve their commanded values instantaneously.
This paper examines the stability of the two-timescale dynamic
inversion controller when the commanded p, g, r values are not
achieved instantaneously.

The bank-to-turn flight of a nonaxisymmetric missile is a highly
nonlinear problem. A number of studies have examined the appli-
cation of dynamic inversion controllers to this type of problem.
Background on the application of dynamic inversion controllers to
aircraft problems can be found in Refs. 1-5. General background
on the stability of nonlinear systems can be found in Refs. 6 and 7.

The paper begins with a brief description of the missile model.
These equationsof motion for an aircraft,and theirderivation,canbe
foundin Refs. 8 and 9. The aerodynamic data used in this study can
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be found in Ref. 10. The dynamic inversion controlleris detailed in
Sec. IL.B. Next, in Sec. III, we present the main results of this paper.
First, we derive a state-space formulation for the «, 8, ¢ dynamics,
which we will use in our analysis. Then we present and prove the
main result of the paper, theorem 2, which states that, under cer-
tain (reasonable) assumptions, the closed-loop dynamics with the
dynamic inversion controller will be stable about the desired angles
of attack, sideslip angle, and roll angle. This result is proven using
two related Lyapunov functions. Finally, examples are presented to
illustrate some of the key calculations and assumptions.

II. Missile Model and Dynamic Inversion Controller

This paper examines the problem of an air-breathing,nonaxisym-
metric airframe thatis flown in a bank-to-turnmode. In the air-to-air
intercept problem, the guidance law produces acceleration com-
mands in the body y and z axes based on estimates of the target
motion. These acceleration commands can be converted into com-
mands inroll angle and angle of attack, which are fed into the autopi-
lot. The task of the controlleris to track commands in « and ¢ while
keeping sideslip angle small. There are many examples of angle-of-
attack autopilots in the literature. The reader is referred to Refs. 2,
5, and 11 for treatments of autopilots that control angle of attack.

A. Missile Model
The rigid-body, nonlinear equations of motion for an aircraft of

constant mass are®~ 10
¢ =p+(gsing + rcosep)tanfd (1)
6 =qcosp — rsing 2)
. sin¢ + r cos
v = gsing +rcosé (3)
cosf
V=T + X)/m]cosacos B+ (Y/m)sin B
+ (Z/m)sina cos B + g(—sinf cosa cos B
+ cosfsin¢ sin B + cos 6 cos¢ sinw cos B) 4)
T+X . Z cosa
= —————ssing + ——
mV cosf mV cos f8
+q — (pcosa +rsinw)tan f
+Lcosa cos ¢ cosO sina sinf 5)
V cos B
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Table 1 Moments of inertia
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Fig. 1 Dynamic inversion controller structure.

B =—(rcosa — psina) — coso sin 8
Y cosp zZ . _ﬁ+g( 0 sin g 8
— —— sina sin —(cos @ singcos
mV mV \%4
+ sinf cosa sin B — cosf cos ¢ sina sin B) (6)
p = Ipqu(] + Ipqrqr + Ippdp + Iprdr + IplL + IpnN (7)
q - Iqqdq + I, ppp + Iqrrr + I prpr + qm (8)
r= Irpqpq + Irqrqr + Irpdp + Irrdr + IrlL + IrnN (9)

where the moments of inertiaare given in Table 1. The aerodynamic
forces and moments are functions of angle of attack, Mach number,
sideslip angle, altitude, and control surface deflections.

B. Dynamic Inversion Controller

The design methodology used in this study is a dynamic inver-
sion approach using a two-timescale assumption to separate the
dynamics.!=>!° The inner-loop inversion uses the control surface
deflections to control the fast states p, g, and r. The outer-loop in-
version uses the fast states as inputs to control the slow states «, f,
and ¢. The controller structure is shown in Fig. 1.
1. Dynamic Inversion: Inner-Control Loop for the Fast States
The inner loop of the dynamic inversion control law controls the
fast states p, ¢, and r. This loop calculates control surface deflec-
tion commands from the rate commands p., g., and r. given by
the slow inversion in Fig. 1. The desired dynamics used are given
by pd =a)p(pc - P), qd =wq(qc _Q), and ';d =a)r(rc - r)a where
wp, 0, and o, are design parameters. For the purpose of the fast
inversion,the aerodynamicmoments L, M, and N are assumedtobe
functions of e, §a, and §r. Dimensional aerodynamic derivatives
are calculated using a difference approximation about the present
states and control positions so that the equations of motion can be

made affine in the controls. Then L is the roll moment due to the
missile body and is a function of &, §, and Mach number; L;, is
the roll moment generated per unit aileron deflection; and the other
terms in Eq. (11), given subsequently,are similarly defined. The fast
inversion equations then become

da,
= (M)
or.

pd - (Ipquq + Ipqrqr + Ippdp + Iprdr + IplLO + IpnNO)

S qd ( qqdq +qupp + qrrr +qurl7"+1qu0)
rq — (Irquq + Irqrqr + Irpdp + Irrdr + IrlLO + IrnNO)
(10)
where
IplLéa + IpnNéa IplLée + IpnNée IplLér + IpnNﬁr -
M, = Iquﬁa Iquﬁe Iquﬁr
IrlLﬁa + IrnNéa Ir[Lﬁe + IrnNﬁe IrlLﬁr + IrnNér

(1

2. Dynamic Inversion: Outer-Control Loop for the Slow States

A second inversion is applied to the dynamics of the slow states
«, B, and ¢. The slow inversion assumes that the fast states track
their commanded values instantly, ignoring the effects of transient
body rate dynamics. The slow inversion equations also assume that
control surface deflections have no direct effect on the slow states.
The slow inversion attempts to replace the actual o, 8, ¢ dynamics
with the desireddynamics: oy = w, (. —a), By = —wgp,and ¢, =
wy(Pp. — @), where w, , wg, and wy are chosen by the designer.

With Egs. (5) and (6) and the external inputs as just described,
the slow inversion control law has the form

. T+X Z cosa g . .
oy + sino — — cosa cos¢ cosd + sinw sind
mV cos f8 mVcos  VcospB
Pe . T+ X . YcosB zZ . .
q. | =[h]! Ba+ cosasinf — - +m—vsm(xsmﬁ (12)
rC
— %(cosé sin¢ cos B + sin6 cosa sin f — cosf cos ¢ sin sinﬁ))
i o0 i}
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where
—tan B cos o 1 —tan B sin«
h= sino 0 —cosa (13)
1 singtanf  cos¢ tanf

III. Stability Analysis Results

The stabilityanalysispresentedin this sectionconstitutesthe main
contributionof this paper. We show that, under certain assumptions,
the closed-loop system can be proved to be exponentially stable
about the commanded constant values of @, B, and ¢ by making
the frequency of the desired dynamics in the inner-loop inversion
sufficiently large.

The dynamic inversion controller uses the assumption that the o,
B, ¢ dynamics are much slower than the p, g, r dynamics. This as-
sumptionof a timescale separation justifies using p, ¢, and r as con-
trol inputs for the «, 8, ¢ dynamics. In a singular perturbationanaly-
sis of the validity of the two-timescale assumption, it is assumed that
P, q, and r instantaneously achieve their commanded values. This
work examines the stability of the two-timescale dynamic inversion
controllerwhen the commanded p, g, and r values are not achieved
instantaneously.Instead, the much weaker assumption will be made
that the inner-loopdynamic inversion is performed correctly, which
will result in p, g, and r following trajectories defined by their
desired dynamics,i.e., p = py, and similarly for g and r.

To perform the stability analysis, it is first necessary to formulate
the equationsof motionin a state-spaceform. The dynamicinversion
equations are used to convert the equations of motion for «, 8, and
¢ into a state-space system for the states x| = o — o, X, = @,
Xy =B, x4y =B, xs = — ., and xg = . Substituting for the
control deflections using the fast inversion equations removes the
controls from the system. Substituting for p, ¢, r, p., q., and r.
using the slow inversion equations and desired dynamics gives a
systemin «, 8, and ¢ and their derivatives only.

The main result regarding the stability of this state-space system
is then given as theorem 2. Because of its length, the proof of this
theorem is broken up into several parts. First, a Lyapunov function
V, is proposed for the o and B dynamics of the state-space system.
This function is then expanded to the Lyapunov function V;, for the
entire system. Conditions are derived under which the derivatives
of these Lyapunov functions along the trajectories of Egs. (15-20)
(givensubsequently) are negativedefinite. Using boundson the sizes
of the states found from level sets of the Lyapunov functions V| and
V,, it is shown that these conditions can be satisfied by all w; > w}
for some w;.

After the proof of the stability theorem, a numerical example will
be givenin which the methodused in the proof of the theorem will be
used to find ;" such that exponential stability is assured. Nonlinear
six-degree-of-freedan simulationresults will be included as further
validation of the assumptions made.

A. Derivation of State-Space Equations
The first step of the analysisis to use the dynamic inversion con-
troller to remove the inner-loopdynamics from the system, resulting
in a state-space system for («, 8, ¢, &, B, ¢). The following as-
sumptions are used in the analysis. ) )
Assumption 1. Control deflections have no effecton «, 8, and ¢.
This means thatcontroldeflectionshave no contributionto the forces
acting on the missile but contribute only to the moments acting on
the missile, i.e., dC;/d8j = 0,i = X,Y,Z,and j = e, a,r. This
assumption is typical of two-timescale missile controllers.
Assumption 2. The missile’s flight speed and dynamic pressure
are constant,i.e., V and § = 0. This assumption is reasonable over
the timescale required to make an attitude-change maneuver.
Assumption 3. Thrust and acceleration due to gravity are zero,
i.e., T = 0 and g = 0. Thrust is zero because only postboost flight
is being examined. The assumption that g = 0 is made in many
angle-of-attack autopilots. The acceleration due to gravity would
be includedin the accelerationcommand produced by the guidance
law, which can then be converted to angle-of-attack and roll angle
commands.

Assumption 4. There is exact fast inversion. It is assumed that
complete and exact knowledge of the aerodynamic coefficients is
availableand that the actuatorsinstantaneouslyachieve commanded
control deflections. More concretely, p = py, ¢ = 44, 7 = Fy, and
Se = §e., 8a = ba., dr = or,.

Assumption 5. The commanded inputs o, and ¢, are constant.

~Letusdefine x; == a—a, X3 1= B, X5 1= p—¢p., X 1=, Xy 1=

B, and x¢ := ¢. Furthermore,let¢ = (@ B ¢)', x = (p q )7,
andn = (¢ B ¢ 6)". We can then write
¢=fQ)+hmx (14)

where

fi K(—C, sina + C_cosa)/cos(B)

f@O=1r£L]=]K(EC,—Cicosasinp — C,sinasinp)
0 0
K =gS/mv

and h(n) is as defined in Eq. (13). The state-space equations of
motion used in the stability analysis are given in the next result.

Proposition 1. Suppose assumptions 1-5 hold. Then Egs. (1), (5),
and (6), under the effect of the dynamic inversioncontrollerdetailed
in Sec. I1.B, become, in state-space form,

X =X, (15)

0 0
x'z = —WjWyX1 — X2} W; — fl + i)& +ll (16)

aB

X3 =Xy 17)

0 0
x'4=—a)ia)5x3—x4<a)i — 8{;) +£x2+12 (18)
X5 = Xe (19)
)C.(, = —WiWe X5 — W;iXe + 13 (20)

where
I, = m[—x4 sec? Bsing tanf(x, — f;)

+ ()cz(—tan2 Bsing tan6 — tan B sin« cos ¢ tan
+tan B cosa) + x,(sec’ B sina

— sec? B cosa cos ¢ tan 9)) (x4 — fo) + sec? ﬁx4x6] 21)

1 .
L, = doth) [x, sing tan B (x, — f1)

4+ x,(sina — cosa cos @ tand) (x; — fr) — XrX¢] 22)

I3 = [(x(,(—cos¢ cosa tanf — sina tan® §)

det(h)
— O singsec’ cosa) (x, — fi) + (x(,(—tanﬂ cosc tan’ @
+cos¢ tan6 sing tan B — sin¢ tané)
+ é(cos ¢ sec’ 6 + sin¢ sec’ 0 tan 8 sin(x)) (x4 — f2)
+ (x(,(sin(x sin¢g tanf — tan S cos ¢ tan6)

+ 9(—tan Bsing¢ sec’ @ — sina cos ¢ sec? 9))x6] (23)

det(h) = —cosa —sina cos¢ tanf — tan Bsing tand  (24)
Proof. Under assumptions 1-3, Egs. (1), (5), and (6) become

¢ =p+(gsing + rcos¢)tand
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Z cosa

———sina + —
mV cosf mV cos f8

+q — (pcosa +rsinw)tan f

B = —(rcosa — psina) — icosof sin B
mV
Y cosp zZ . .
— ——sinasin B
mV mV
Under assumption 4,
Pe B dd
ge | ="' | | Ba | = F(©) (25)
r, | \ &,
p M /o
gl=n"m||B]-r® (26)
r L \¢
Recalling that ¢ = (@ B ¢)7, x = (p ¢ )T, and n = (@ B

¢ 0)T and differentiating Eq. (14) with respect to time gives

ah,, dh, . oh,
¢ = —f@) +hmx + [ 8771 —5 }x 27

an an

Substituting for p,, ¢4, and 74, and for p, ¢, and r from Eq. (26)
into Eq. (27) gives

of w, 0 0
¢ =§(§)+h(n) 0 o, 0 |h'ita—F&)—1=FO
0 0 o
oh, . 0dh, . | .
== =i |kl — f©)] (28)
an an an
Now, after defining the inner-loop frequency w; = v, = w, = w,
and letting
oh, . dh, . 0dh,
M=|—n —n —n
on on on
we have
o o W;We 0
. af .
B+ wil3x3_¥ B |+ | wiwpB
¢ ¢ w;wyp
W; Wy O
=| o |+MrmE - f©] (29)
W; Wy Pe
Now we define (I; I, 1;)" = Mh~'())[¢ — f(O)]. Substituting for
X1, ..., Xe as defined in proposition 1 and expanding Mh~! (1) (¢ —
f(¢)) gives the state-space equations in proposition 1. O

B. Statement of the Main Result

The following assumptions will be used in proving the main sta-
bility result.

Assumption 6. The commanded angle of attackis that o for which
file = a., B = 0) = 0. For the missile used in this study, this «
is 0.8 deg. This is the « at which the missile can hold « = 0 and
q = 0 at the same time with ¢ = 0.

Assumption 7. The magnitudesof f; and f, and their derivatives
with respect to @ and B can be bounded by some finite constants
for all @ and B within the level set of V; defined by the initial
conditions, e.g., | fi| < ki, x|, x, € D,. Here, V| is the Lyapunov
function defined in Eq. (30).

Assumption 8. The magnitude of 6 is bounded by some constant
less than 90 deg, i.e., |6] < 6,, < 90 deg. The main result of this
paper is given next.

Theorem 2. Suppose assumptions 1-8 hold. Then there exist w;
large enough that, for the nonlinear closed-loop system given by
Eqgs. (15-20), the originis an exponentiallystable equilibriumpoint.

The remainder of the paperis devoted to proving this result. Some
of the details of the proof are omitted, but can be found in Ref. 12.

C. Lyapunov Stability Analysis

The first step in analyzing the stability of Eqs. (15-20) is finding
the equilibrium points of the system.

Lemma 3. The originis the only equilibriumpointof Egs. (15-20).

Proof. To find the equilibrium points of the system we must set
Eqgs. (15-20) equal to zero. Then Egs. (15), (17), and (19) require
X, = 0,x4 = 0, and x¢ = 0. With x, = 0 and x4, = 0, Egs. (16)
and (18) require x; = 0 and x3 = 0. All that is left is to examine
Eq. (20). With x; = 0,x3 =0, f; = 0, and f, = 0 and so Eq. (20)
requires x5 = 0.

1. Lyapunov Function for o« and 8

Next, we will propose a Lyapunov function for the « and g dy-
namics. This Lyapunov function will later be augmented to include
the entire system. Consider the quadratic form

Vi = 2kix] + hoxd + $kaxd + Hhaxd + ksxixg 4 kexsxy (30)

Clearly, V; can be expressedas V; = xT P,x with

k ks 0 0
1 ks &, 0 0
P == 31
"T2l0 0 ks ke (31)
0 0 ke ke

Our goal s to find a conditionunder which V, is negative definite
along the trajectory of Egs. (15-18). Let k| = krw;w, + ksw; and
ky = kyw;wp + kew;. Taking the derivative of Eq. (30) along the
trajectory of Egs. (15-18) gives

v, = —kSa)ia)axlz + <k5 — kyw; + ky— o >x22 — k(,a)ia)ﬁx32

dfi

of2 /i
+ <k6 kywiky + ky— Y. x4 +x1x2k5£ + x 1 x4ks— Y.

afs f1 af> afs

+ ke——= + k,— + k. + ko ——=

XoX3 68 x2x4<28ﬂ 48 X3X4 68ﬂ
+ (k5xl + kz)Cz)ll + (k(,)C3 + k4)C4)12 (32)

Equations (21) and (22) imply that

1] < cralxa] + croalxaxy| + cialxa| + Cl44|xf| + cuslxaxs| (33)
L] < 0222|X22| + e |x2| + €apalX2X4] + C226| X2 X6 (34)

with p = |1 /det(h)], cius = plsec® B, c1o = pl f2](|tan® B tan 6| +
[tan B sin« tan 6| 4 |tan B|), and the other coefficients are similarly
defined, based on Eqs. (21-23). Using these bounds on the size of
[, and [, we find that

y 2 2 2 2
Vi < ennx] + exnx; + e3xy + eqnxy + exnlxaxy| + epp|xixs|

+ el xi x| + esq|xzxs] + exslxoxs| (35)
where e = —ksw;wy, € = [ks —kaw; +k2(3f1/da)] + (kaCio4 +
kyCr2) X4 + (k6Can2)X3, €33 = —kew;wg, and the other coefficients

can be found from Eqs. (32-34). The state x only appearsin the ¢;;
terms linearly, with positive coefficients.
Equation (35) can be rewrittenas V;, < —x7 Qx with x = (x|, x,,
x5, x4)7 and
€11 en/2 0 €14/2
0, =— en/2  en  en/2 ey/2 (36)
0 e3/2 e €34/2

e4/2 en/2 eu/2 ey
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The key result of this section can be summarized as follows.
Lemma 4. Suppose Q) is positive definite. Then the derivative of
the Lyapunov function V; along the trajectory of Egs. (15-18) is
negative definite.
Note that Q; is a state-dependent matrix, not a constant matrix.
The statement that Q, is positive definite in a region means that, for
all states in that region, there exists an € > 0 such that Q; > €/.

2. Lyapunov Analysis for the Complete Dynamics

To perform a Lyapunov stability analysis of the complete dy-
namics, we augment the Lyapunov function V) to include the
¢ dynamics. If we define V2=%k7x52 + %kgxg + koyxsxq then
Vs = —kow;wpx3 + (kg — kgw;)x2 + (koxs + kgxe)l3. Now, exam-
ining Eq. (23), we can see that

3] < cailxi] + caalxa| + c33lxs| + caglxa| + 361 x6]

+ C3261X2X6] + Ca46|%4X6 | + 3661 X6%6 | 37

with ¢, = p|(df) /) sec? 86, c3, = p|sec? 66), and the other Cijk
terms found from Eq. (23) in a manner similar to that used for /; and
l,. In bounding /3, it was necessary to restrict &, to &, = a1, Where
«; is the value for which f; = 0, so that we can say that

. B
6 max <i>
aa max

With these bounds on the size of /3,

6| <

1]

V, < 655X52 + essxé + e25]X2X5| + es6]X5X6| + €4s5]x45]
+ exg|xax6| + e15|x1xs| + e3s|x3xs| + eselx4xe]

+ eiglx1x6] + e36|x3x6] (38)

with ess = —kgw;wy, €x5 = koC3p, €26 = kgC3n + kogC3p6Xs5, and the
othere;; found from Egs. (37) and (38). Further details can be found
in Ref. 12.

With a Lyapunov function for the complete dynamics defined as
V,=V,+ Vo, thenV,=x"Px,V, =V, + V,,and V, < —xTQ,x
with

€r1 e5/2 0 e/2 e;s/2 e/2
en/2 €22 €3/2 en/2 ex/2 ex/2

0 623/2 €33 634/2 635/2 636/2
614/2 624/2 634/2 €44 645/2 646/2
eis/2 exs/2 ess[2 eus)2 €55 es6/2
e/2 ex/2 e/2 es/2 ese/2 €66

Qt=_

kk ks 0 0 0 O
ks k, 0 0 0 O
P_100k3k600
"T210 0 ke k4 O 0
0 0 0 0 ki ke
0 0 0 0 ko ke

As with Q; before, Q, is a state-dependent matrix. In the next
section, we will find bounds on the terms in Q,, enabling us to
prove it is positive definite.

Lemma 5. Suppose Q, is positive definite. Then the derivative of
the Lyapunov function V; along the trajectory of Egs. (15-20) is
negative definite.

If P, and Q, are positive definite near the origin, then the ori-
gin is exponentially stable. P, can be made positive definite by the
appropriate choice of ;. This condition is easily met. To make Q,
positive definite, a large enough w; must be chosen. This will be
discussed in the succeeding sections.

3. Limits on the Terms in the V.Equati(mx

To find an w; such that V; is negative, many of the terms in
Eqgs. (21-23) must be finite. In this section, we will discuss bounds
on the magnitudes of these terms. Some of the terms, suchas f} and

/> and their derivatives are based on the aerodynamic coefficients
and their values can be calculated using the aerodynamic data. The
largest possible values can be calculated and used as bounds on the
magnitudes of these terms. Other terms, such as the magnitudes of
X1, X3, etc., can be determined using the Lyapunov functions dis-
cussed in the preceding section.

State magnitude bounds from level sets. Level sets of the
Lyapunov functions V; and V; can be used to bound the magni-
tudesof x|, ..., x¢. If V| <0 inside a level set of V| defined by the
initial condition, then the trajectory of xi, ..., x4 will never leave
this set. Similarly, if V, <0 inside a level set of V, defined by the
initial condition, then the trajectory of xi, ..., x¢ will never leave
this set. We will later show that V| < 0 inside this level set of V; and
that V, <0 inside this level set of V, and so the system trajectory
stays inside these level sets.

With an initial condition of

X1 = X195 x, =0, x;3=0
(39)

X4 = 0, X5 = X5, Xe = 0

alevel set of V; is defined by V,p = %klxlz(), Because Vi, is positive
definite, the largest values of x; and x, in the level set defined by
Vi = Vjpoccurwhenx; = 0 and x, = 0. These values can be found
by solving Vig = 2k, x] + 1k, x3 + ksx; x, for the maximum values
of x; and x, on the level set. For w; > 1, this gives

k2
<,/ ] —— 4
|X1| —\/ /|: kz(kaa +k5)i| |X10| (40)
and
ks krw, + ks
=y - : 7 (41
. _\/ /|: ka (kywq +k5)i|\/T|xm|«/w (41)

A similar developmentcan be perfomed for x; and x4, giving

k2 Koty + K
< J1/]1- 2 eI 5] @)
k4 (k4a)ﬁ + k(,) k4a)5 + k()

k2 kza) +k5
<. J1/|1- 8 = Jo (4
|x4|_\/ / [ ot kﬁ)} Pl ver @

Let D, be the region defined by Eqs. (40-43). Note that D, is not
actually a level set of V|, but rather a hyperbox containing the level
set of V;. It gives us the limits on the values of the individual states
inside the level set defined by the initial conditions. This result is
summarized in lemma 6.

Lemma 6. Suppose the derivative of V| along the trajectory of
Eqgs. (15-18) is negative definite and the initial condition of the sys-
tem is given by Eq. (39). Then the trajectory of the statesx;, ..., x4
will not leave D .

Similarly,alevelsetof V, isdefinedby V,, = %klxlz() +%k7x520, This
level set can be used to determine bounds on x5 and x¢ that will not
be exceeded as long as V, < 0. If we use V,, in the place of V|, and
performasimilardevelopmentfor xs and xs, we find that, forw; > 1,

k2 krw, + k
lxs| < /1 l—-— x52+x122a)—+5
kg (kswy + ko) 0 0 kg (kswy + ko)
(44)
ks
[xel < . J1 l - ——
kg (kswy + ko)
y \/Xlz(,(kzwa + ks) + x3, (kswy + k9)\/ai 45)
kg
Let D, be the region defined by Eqgs. (44) and (45) and let D, be the
region where x, . .., x4 are in D; and x5 and x4 are in D,. The key

result of this development can now be stated in lemma 7.
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Lemma 7. Suppose the derivative of V, along the trajectory of
Egs. (15-20) is negative definite and the initial condition of the
system s given by Eq. (39). Also suppose the derivative of V; along
the trajectoryof Egs. (15-18) is negativedefinite. Then the trajectory
of the states x, ..., x¢ will remain in D,.

Note thatboundson xy, x3, and xs also giveboundson ¢, B, and ¢.

State magnitude bounds from the inversion equations. To prove
that O, and Q, are negative definite, we also need a bound on the
size of 6. Such a bound can be found by examining the inversion
equations. We can calculate bounds on the sizes of the body rates
P, q,and r from the way p., q., and r, are generatedin the dynamic
inversion. These bounds on the body rates can in turn be used to
calculate bounds on the sizes of 8 and ¢. This result is summarized
in lemma 8.

Lemma 8. Suppose assumptions 6-8 hold. Further suppose that
there exist constants My, M,, M3 > O suchthat ||x|| < My, ||x;]| <
M,, and ||xs|| < M3 and det(h) is nonsingular within these bounds.
Then, the magnitudes of ¢ and 6 are bounded by some positive
constants x3 and «,4, which are independentof w;.

Proof. First, we note that p = w, (p. — p) and, taking the Laplace
transform, p(s) = w; /(s + w;) p.(s) and, therefore, || p|lo < llw;/
(S + a)i)“Ll “pc“oo =1- “pc”oo The expressionsfor Pe> 94 and Te
are given by Eq. (25). Each term in this equation can be bounded,
giving boundson p,, g., and r,.

Bounds on the magnitudes of f; and f, can be determined from
the aerodynamic data. Bounds on xi, x3, and x5 are given by Eqs.
(40), (42), and (44). Bounds on every term in these equationsare now
available,allowingthe calculationof maximum bounds for p, g, and
r for whatever size « and ¢ commands are allowed. Once we have
boundson p, g, and r such that |p| < p,,, Ig] < q,,, and |[r| < 1,
we can bound 6. We know 6 = gcos¢ + rsin¢ and, therefore,
6 < 1.414max(q,,, 1,). Also, Eq. (1) can be used to calculate a new
upper bound for x¢: |¢| < p, + gnl|tanb,| + r,|tan6,,|. Further
details of these steps can be found in Ref. 12. O

Note that this new upper bound for the magnitude of x does not
depend on w;. Bounds for x, and x, can also be calculated in the
same manner. However, the bounds on x, and x4 calculated in this
manner are generally larger than those found using level sets of V|
and, therefore, are not practically useful.

4. Proof That Q1, Q, Can Be Made Positive Definite

We now have bounds on all of the terms in the expressions for
Q; and Q,. We can use these bounds to show that Q; and Q, will
be positive definite for large enough w; .

Lemma 9. Suppose assumptions 6-8 hold. Then, there exists w;
such that for all w; > w;, Q) and Q, will be positive definite.

Proof. Using the bounds on the states x, ..., x¢ and 6 found
in Sec. IIL.C.3, all of the ¢;; terms in Q; and Q, can be bounded,
resulting in matrices that are functions of w; only. Each diagonal
element has one term that is linear in w; with a positive coefficient.
All other terms in the matrices are proportional to a)l.l/ * at most.

The matrices Q; and Q, are positivedefinite if and only if all their
leading principal minors have positivedeterminants. For the leading
principal minor correspondingto an n X n matrix, each element of
the determinantis the productof n elements of the matrix.If L, is the
nth leading principal minor of Q; or Q,, then det(L,) = k! + A
where « is a positive constant and X is the rest of the determi-
nant not including the k @ term. All other terms in the determinant
are proportional to "~ /2 at most. Therefore, for some w; > 0,
det(L,) > 0Vn = 1, ..., 4. Therefore, Q, is positive definite for
all w; > o}, w! > 0. The proof for Q, is identical, except n goes
up to 6. A different w} will be found for each matrix. We select the
larger of the two values for ! and the lemma has been proven. O

We have proven that, inside a level set of V; defined by the initial
condition of the state, V; is negative definite. Therefore, the states
X1, ..., x4 donotleave this set. Note that this is only true if x4 stays
less than some bound. But, it has also been proven that, inside a
level set of V, defined by the initial condition of the state and inside
the level set of Vy, V, is negative definite. Therefore, the states xs
and x4 do not leave this set. This result is summarized in lemma 10.

Lemma 10. Suppose assumptions 6-8 hold. Then for w; > o},
the trajectory of the states x|, . .., xs will remain within D,.

For the case where there are nonzero initial conditions only in x,
and xs, the bounds on the states are given by Eqs. (41-45). If there
were nonzero initial conditions in other states, the new bounds on
the states could be calculated from level sets of V; and V, based on
the new initial condition.

Proof of Theorem 2. The proof of theorem 2 can now be con-
structed as follows. First, we showed that the origin is the only
equilibrium point of the dynamic system x, ..., Xs. This result is
proven as lemma 3. Next, we showed that, if 0, > 0, then V; is
negative definite and if Q, > 0, then V, is negative definite. These
results were proven aslemmas 4 and 5. Next, we foundboundson the
magnitudes of the state variables, using level sets of the Lyapunov
functions V| and V; and the inversionequations. These bounds were
given in lemmas 6 and 7. Finally, we have shown that for w; > o},
with o large enough, O, and Q, are positive definite inside the
level sets defined by D, and D,. Therefore, for w; > o}, V, < 0and
V, < 0inside D; and D, and the state trajectory never leaves D,.
This means that the V, is negative definite during the entire motion
of the system. Therefore, the system is exponentially stable about
the equilibrium point xy, ..., x¢ = 0. O

5. Extensions of the Stability Analysis

The stability analysis presented can be extended in a number of
ways that are not discussed in detail here due to space constraints.
The Lyapunov function V| can be used to show that the system
is stable about xy, ..., x4, = O for any «, as long as x¢ is bounded,
whetherthe x5 and xs dynamicsare stable or not. For maneuversonly
involving the longitudinal dynamics (states x; and x,), a simplified
Lyapunov function can be used to show the system is exponentially
stable about x; = 0 and x, = 0 with fewer assumptions.

IV. Numerical Example and Simulation

In this section, a concrete, numerical example is given to illus-
trate the methodology detailed in the preceding section. This exam-
ple shows that reasonable bounds on the states can be found from
the Lyapunov functionsand illustrateshow calculationscan be done
for the various steps in the procedure. Nonlinear simulation results
will also be presented as further validation of the controller. The
maneuver examined is a step command in « from 5 to 20 deg and
in ¢ from 0 to —180 deg, with an initial speed of 1936 ft/s (Mach 2)
and an initial altitude of 40,000 ft. The controller attempts to keep
B near zero throughout the maneuver.

A. Calculation of State Bounds, Sufficient w

We assume that 8 < 6,, during the maneuver and, in this exam-
ple, 6,, = 24 deg. The w and k; values given in Table 2 are used.
These values of w, , wg, and w, were chosen to give good dynamic
performance. The values of the k; were chosento give useful bounds
on the magnitudes of the states.

With these values, V|, gives the following bounds on x, .. ., x4:
|x1] <0.262 rad, |x,| <4.54 rad/s, |x3] <0.117 rad, and |x4] <
2.62 rad/s. Assuming a ¢ command of no more than 180 deg, V,
gives the following bounds on xs and x4: |xs| < 3.15 rad and
|x¢| <41.87 rad/s. If the states remain within these bounds, the
simulation data gives bounds for f; and f, and their derivatives:
f1<0.3, 2, <0.04, 3f1 /0 <0.65, df1 /08 <0.14, 3f> /98 <0.25,
df>/9a <0.075. The equations bounding p, ¢, and r can be used
to bound @ and find a new bound for x4. We find that § < 6.56
rad/s and x¢ < 20.28 rad/s. Some of these rate bounds are large and
could perhaps be reduced by determining the maximum body rates
achievable with maximum control deflections. Use of lower bounds
found in such a manner could reduce the conservatism of the w;
calculation.

The bounds on the states x,, x4, and x¢ change slightly for each
w;, and so the bounds must be recalculated for each w; tested. In

Table2 Desired frequencies and Lyapunov function constants

wy =6 ky = 3,005 ky = 30 k7 = 1,755
wg =10 kr =10 ks = 0.1 kg = 10
wp = 3.5 ks = 15,015 ke = 0.3 ko = 0.1
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Fig.2 Trajectory of x; and x; and bounding sets.

this case, we find that Q, is positive definite for w; > 39 and Q,
is positive definite for w; > 41. P, and P, are positive definite for
any w; > 1. If w; >41, both V| and V, will be negative definite
throughout the motion. This w} is sufficient to prove stability, but
dueto the conservatismof the method it is not necessary. The system
may also be stable with smaller inner-loop frequencies.

The values of the k; used in this example were chosen so as to give
useful bounds on the states. For example, the controller for a bank-
to-turn missile should keep sideslip angle 8 small. Therefore, we
chose k; much larger than k,, allowing us to show that 8 would not
grow larger than 6.71 deg during the maneuver. If a larger k, were
chosen, a smaller bound on 8 would be found, but the w; needed to
guarantee stability would be larger.

In Fig. 2, the projections of D; and the level set V| = Vj, into the
Xx1-X;, plane are shown, as well as the trajectory of the states x; and
x,. The system trajectory starts near the edge of the bounding sets
and moves in to the equilibrium at the origin. The origin of the x|,
X, system correspondsto & = o, and & = 0 in the original system.
The simulationresults, which are included in this figure, are further
discussed in the next section.

B. Simulation Results

The dynamic inversion controller was tested in a six-degree-of-
freedomnonlinear missile simulation. The simulationis identicalto
the onediscussedinRefs.4and 13, exceptfor the new controller.The
simulation contains force and moment look-up tables as functions
of Mach number, «, 8, control surface deflections, and altitude. The
values of w,, wg, and w, used in the example calculations given
earlier were used, with w; = 41 rad/s.

In the simulation, many of the assumptionsused in the derivation
of the state-space equations and in the proof of theorem 2 are re-
laxed. The effects of control deflections on force coefficients were
included in the simulation. Acceleration due to gravity was not set
to zero. The missile flight speed and dynamic pressure were allowed
to vary. Second-order actuator models were included. Finally, we
commanded an angle of attack different from the one assumed in
the stability analysis. Even with all of these assumptions relaxed,
the closed-loopdynamical system with the dynamic inversion con-
troller was stable about ¢ = o, B = 0, and ¢ = ¢.. The o, B,
and ¢ responses are shown in Fig. 3. The o and ¢ responses are
approximately first order, as expected. Sideslip angle increases dur-
ing the period of high roll rate, which is typical of bank-to-turn
missiles. The two-tier nature of the o response is due to the high
wg value making the controller prioritize limiting the growth of
sideslip.
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Fig.3 Closed-loop system response.

V. Conclusions

Results relating to the stability of a bank-to-turn missile system
with a dynamic inversion controller were presented. We have de-
rived a state-space representation for the missile dynamics under
certain simplifying assumptions. We have shown that, under certain
assumptions, the closed-loop stability of the state-space system is
guaranteedif the frequencyof the desireddynamicsin the inner-loop
inversion is sufficiently large. An example calculation is included
for a bank-to-turn missile, where the inner-loop frequency ! suffi-
cient to guarantee stability of the missile dynamicsis found. Finally,
we include the results of a six-degree-of-freedomnonlinear missile
simulation with the dynamic inversion controller presented in this
paper. This simulation shows that, although the method presented
providesa conservativeestimate of w, not all of the assumptionsre-
quiredin the analysisto prove stability are required for the controller
to operate effectively.

Recommendations for future research along the lines presented
here include an expansion of the stability result to general « com-
mands and a robustness analysis. The method used in the stability
analysis may yield some robustness results for the dynamic inver-
sion controller.
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